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Why Grover's Oracle Count Scales Like Oaft(a( (M) /i M)

The expression

Catt{mi (M) (M)

appearsin the parentdocument in the discussion of Groversalgorithm. [tdescribes the number of oracle calls needed, up toconstant factors, tofind a marked solution with high probability when there are N possible
candidatesand M of them are solutions.

This is nota state mentabout the costof building the oracle. It isa state mentabout que ry complexity: how many times Grover'salgorithm must call the marking oracle once such an oracle isavailable. The parentdocument
directly supports this interpretation by saying that Groversalgorithm alternates between a phase oracle and a diffusion operator, and thatafter about this many oracle calls measuring givesa solution with high probability. The
deeper reasoning behind the formula comes from amplitude amplification.

The Search Setting

Suppose there isa finite ssarch space of size M. We can label its ele me nts as basis states

|oa|1adots |N-10

Among thess N candidates, exactly M are solutions The oracle is usually re pressnted by a Boolsan function

flx)= begincases 1. % isa solution, ; 0, x is nota solution. endcases

The corresponding phass oracle actsas

Cafafxa=(-1)mm|xa

Sosolution states recaive a minussign, while non-solution states remain unchanged. This phass flip is not itszIf the answer. Its role is to create a relative phase difference that the restof the algorithm can turn into increasad
probability of measuring a solution.

Groversalgorithm usually begins in the uniform superposition

=1 = frac @i N)EEEEN- 180

In thisstate, every candidate has equal probability 1/M. Since M of the N candidates are good, the initial probability of measuring a solution is

(MM

Classically, if one samples uniformly at random and checks candidates one expects to need on the order of

(M)A (M)

queries tofind a solution. Grover's algorithm improves this to roughly the square root

Oracle in CQuantum Computing B Detailed Explanation Page 1



TheoryTrace
Document 1.3 - Al explanation: \[ Chleft(\sg il frac{NHMIEright 1]

al(n) ).

The highlighted expression is this quadratic improvement.

Compressing the Search Space into Two Directions
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The cleanest way to understand the formula is to notice that Grover'salgorithm does not need to treatall N basis states se parately. Bacause the oracle marksall solutions in the same way, and the diffusion operator treats all basis

tat ically, the dyr tay inside a two-dime nsional subspace.

Define the normalized uniform superposition over good states:

|GE = fracTmi MimD: i) = 18]

Define the normalized uniform superposition over bad states:

| = frac 1 N-Mjmc ) =08]xm

assuming 0<M<N. Thess twostates are orthogonal: |GE lives entirely in the solution subspace, while |Ea lives entirely in the non-solution subspace.

The initial uniform state can be rewritten asa combination of these two directions:

s = @00 E DG+ B I-IA) (T | B

Thisequation isthe heartof the scaling. The coefficient of |GR s

BiEMAN)).

Thatcoefficient is the initialamplitude in the good direction. Itssquare,

aftlat M)/ (E = )/ (),

isthe initial probability of measuring a solution.

Grover'salgorithm amplifiesamplitude, not probability directly. This iswhy a square rootappears.

The Angle Bzhind the Formula

Itis common todescribe the initial state using an angle B defined by

sin@=miM/ M),

Then

cos @ = @ (N-M)./ (NI,

and the initial state becomes
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| = 5in |GE + cosdl | B

It W is much smaller than N, then Bissmall Forsmallangles

siNBAR

aam M)

Asingle Grover iteration consists of two reflections the oracle reflection, which flips the phass of the good states and the diffusion reflection, which reflectsabout the initial superpesition. The product of two reflections isa
rotation. In this two-dimensional |GE |Ba plane, each Grover ite ration rotates the state toward the good direction by an angle approximately 20

More precisely, after k Grover iterations, the state has the form

sini(2k+1)8|GE + cosl ( 2k+ 1) | E

Therefore the probability of measuring a solution is

sin@({2k+1)m.
Toget high probability, we wantthe angle (2k+1)8 o be closs toB2, becauss
sinemft (g ./(2))=1.
Sowe choose k such that
(2k+1)mE (E(2).
Solving roughly gives
ke im/iam.
Since
aaa( (ML
we get

ke @ i4miiN) /().

Ignoring the constant factor &4, this becomes

Cat{mt (M) (M),

Oracle in CQuantum Computing B Detailed Explanation Page 3



TheoryTrace Oracle in Quantum Computing B Detailed Explanation

Document 1.3 - Al explanation: \[OhleftisqrilfraciMHMIright | June 14, 2026 05:00

KST

That is the origin of the highlighted expression.
What the Big-O Is Hiding

The notation

Caftia( ()M

does not claim that the exact number of oracle calls isequal toBiN/M). It means that the number of oracle calls grows no faster than a constant multiple of B(N/MY, under the usual assumptions of Grover ssarch.

Amore precise estimate for the number of Grover iterations is ofte n writte n as

k maftifloor (60 (4m(M). (M) ricor

when MILN. Each iteration usesone call to the phase oracle, plusadiffusion oparation. Depending on convention, some descriptions may count additional oracle calls for state pre paration, verification, or amplitude estimation,
but the core Grover iteration uszsone marking oracle query.

The parentdocument’sstate ment is therefore best read as a query-complexity claim: assuming access toan oracle that marks the M solutions among M candidates Groversamplitude-amplification procedure needson the order
of B{N/M) oracle invocations to produce a solution with high probability.

Why Maore Solutions Mean Fewer Cueries

The formula also hasan intuitive interpretation. If there are more marked items the initial uniform superposition already has more amplitude in the good subspace.

When M=1. there isonly one solution, and the query complexity becomes

Ola(n)).

Thisisthe familiar form of Grover'ssearch.

When Mis larger, the expression decreases

Cat{mt (M) (M),

For example, if M=N/100, then one parcantof the ssarch space consists of solutions The number of Grover iterations ison the order of

BEENLA(N/100)) =8(100) =10

This matches the geometric picture: if the good subspace isalready large, the initial state isalready closer to it so fewer rotations are needed.

Atthe extreme, if M=N, every candidate isa solution. Then nossarch is needed. The formula gives

BEENLAIND=1,

which isonly a constant-order statement In practice, one can measure iImmediately and obtain a solution. Big-O notation is coarse enough that itdoss notdistinguish between zero terationsand a constant number of iterations.

Important Assumptions Bzhind the Expression
The expression rests on several assumptions that matter when verifying the statement in a ressarch context

First itassumesan unstructured szarch problem. The oracle tells us whethera candidate is good, but it does not reveal additional exploitable structure. If the problem hasalge braic or combinatorial structure, another algorithm
may do better than Grover, or the oracle model may fail tocapture the true cost
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Sacond, itassumes the algorithm starts in the uniform superpesition over N candidates More general amplitude amplification re places M/N with the initial probability mass Z on good states. In that satting, the query count
becomes

\[Caftifrac
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