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The Chain from Clock Offset to Clock Correction

The highlighted passage,

boxed clock offsst Bquantum phass B measurement probability B statistical estimate Beclock correction

isthe parentdocument’s compact summary of the toy protocol in Section 16, Itis nota proof by itss1lf. Rather, itisa mapof the reasoning: an unknown difference between Alice’sand Bob'sclocks isconverted intoa quantum
phass, that phase affects the probabilities of measure mentoutcomes re peated measure ments allow the probability to be estimated, and the estimated probability is then inverted to infer a clock correction.

The usaful way to read the chain isasan operational pipeline. Aclock offset is notdirectly wisible. Alice and Bobcannot look atan external universal time parameter. They can only pre pare systems let them evolve, measure
them, and compare data. The quantum protocol works if each arrow in the chain is physically and statistically justified.

From Clock Offset to Quantum Phass

Aclock offsst iza difference between two time readings. If Alice’s clock reads CEARand Bob's clock reads CHER the parentdocumentdefines the offsst as

0=CoBa-Cara

The sign conve ntion matters With thisdefinition, 8-0 means Bobs clock isahead of Alice’s.

Quantum mechanics enters becausa certain quantum states evolve periodically in time. For a two-level system with energy eigenstates [0Band |18 suppoess the energy difference is

EQ-Ed=hbarg

where hbar isthe reduced Planck constantand Bis the angular transition frequency. If the system begins in the equal superposition

|+B=frac|0m+|1mmi2),

then, ignoring a physically irrelevantglobal phass, itsstate after time t becomes

||t} = frac|0E+em-im ta] 1mai 2).

The key point isthatelapsed time tappearsasa relative phass Bt between [0Band |12 Relative phase isobezrvable through interference; global phass is not [Nigls2n and Chuang 2010,

If Alice and Bob use systems with the same transition frequency B then a clock offsst B corresponds in the simplified model toa phass offsat

This is the firstarrow in the boxed chain:

clock offsstBquantum phass.
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The parentdocumentdirectly supports thisequation in Sections 5 and 16. But the equation rests on assum ptions that would need verification in a real protocol Alice and Bob mustagree on the relevant transition frequency,
the quantum systems must remain coherent long enough for the phass to matter, and the protocol mustdistinguish a genuine clock offsat from other phase shifts causad by the channel apparatus or local cecillators.

There isalsoan immediate ambiguity. Since quantum phase is periodic,

cHiE=emH B+ 208

the relation E=m determinesBonly modulo the cecillator penod

T=(2e) /(&.

Sothe phase Mdoes not by itseIf identify a unique clock offset unless there isadditional coarse timing information, multiple frequencies oran adaptive unwrapping procedure,

From Cuantum Phase to Measurement Probability

A phass is not usually obes rved directly. Quantum theory predicts probabilities for measurementoutcomes The phase must therefore be converted intoa measurable interference signal.

The parentdocument usesa Ramsay-like probability model:

Pi0)=(1+cosm) /(2).

Here PI0) is the probability of obtaining outcome 0 ina chosan measure ment basis and B is the phasa caused by the clock offsat This kind of expression ischaracteristic of interferometric and Ramsey measurements a phass
difference changes whether probability amplitude interferes constructively or destructively [Ramsey 1950].

One simple way tosee the structure istotake the phass-bearing state

| = frac|0E+en-iom| 16 2)

and measure itin the X-basis whoss "plus”state is

|+8 = frac|om+| 1m(2).

The probability of obtaining the + outcome isgiven by the Born ruls:

Pi+)=|o+m|n

Computing the overlap

B+ = frac] +eE-IEm2,

P(+) = @it frac +eE-Em2|E = (1 +cosm) /(2),

Thusthe phass becomes visible asa probability modulation. Thissupports the szcond arrow,

quantum phase B measurement probability.
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The parentdocument’s formula is therefore plausible and standard asa toy Ramsay signal Butitis not universal Other measurementchoices can produce sine signals shifted cosine signals reduced-contrast fringes or
multi-outcome likelihood functions A more realistic version might be

Pi0 [ & = (1+Veos(m+am) /(2),

where Visthe fringe visibilityand B2 isan uncontrolled or calibrated phase offsst The toy model corresponds to the ideal case V=1and @=0.

Thisdistinction matters becauss a real experiment estimating 8 is never estimating from the bare equation alone. It is estimating through a model of the measurementapparatus

From Measurement Probability to Statistical Estimate

Asingle quantum measuramentdoes not reveal the probability. Itgives one random outcome. If Pi0)=0.8535, one trial still produces either 0 or not-0. The probability becomes experime ntally accessible only through re peated
trials

Suppose Alice and Bob repeat the same experiment M times. Let n@ be the number of times outcome 0 occurs Then a natural estimate of the probability is

widehatP(0)=(nE/ ().

In the parentdocument’s toy example,

N=10000, na=8535,

widehatP(0)=0.8535.

This is the third arrow:

measurement probability Bstatistical estimate.

The statistical model behind thisstep is usually binomialsampling. If every trial is inde pendentand identically prepared, and if the true probability is P(0), then

nEsim BinomialiN,PiO)).

The standard deviation of the estimated probability isapproxi I

B_widehatP = B{{P(0)(1-PION) /{N)).

Thisshows why re petition improves precision. The uncartainty decreases like 1/8(N) for inde pendent trials which 1s the usual shot-noise scaling. Quantum-enhanced protocols may improve the scaling under particular

resource assumptions butsuch improve ments require more careful quantum metrology analysis [Giovannetti, Lloyd, and Maccone 2008].

The parentdocument directly uses the simple frequency estimate 8535/10000. What isan inference beyond the parent text is the statistical justification: itassumes independent trials stable parameters during data collection,
and nosystematic bias in state pre paration or measurement

From Statistical Estimate Back to Phase

The boxed chain says "statistical estimate” before “clock correction,” but there isan intermediate mathematical inversion. Once Alice and Bobestimate the probability, they infer the phase.

Using the ideal formula,

Quantum clock synchronization (CC5) Page 3



TheoryTrace Quantum clock synchronization (QCS)

Document 1.1 - Replacing a Theoretical Probability by an Empirical Estimate June 14 2026 05:24 KST

Pi0)=(1+cosm) /(2),

one obtains

cos = 2P(0)-1.

Replacing PI0) by the empincal estimate wide hatP{o),
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