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Reading the Operator Exponential asa Power Series

The highlighted passage

el-iHthbard = HiHt/(hbar) +(1)/020aft-(iH A hbara +(1)/(30aft-(H8 / hbarni+s

spellsoutwhat is meant by exponentiating the Hamiltonian H. Inordinary calculus the exponential function can be defined by its Taylor saries

ell= 1+ (21 + ) (3 +s

The highlighted formula is the same definition with the scalar variable x re placed by the operator

x=-{iHt} /{hbar).

That replacement issimple inappearance butconceptually important The Hamiltonian H is not generallya number itisa linear operator acting on quantum states Ina finite-dime nsional quantum system, such asan ideal
qubit Hecan be represanted bya matrix. The exponential eB-iHYhbard is then a matrix exponential and the powers in the s2ries mean re paated matrix multiplication [Higham 2008; Nielsen and Chuang 2010].

Whythe First Term Is |, Mot 1

The ordinary exponential beginswith 1, because 1 isthe multiplicative identity for numbers An operator exponential bagins with | because | isthe identity oparator:

1|m=|m

Thisisthe operator that leaves every state unchanged. Since the exponential is suppesad to produce another operator, every term in itsseries mustalso be an operator. The firstterm is therefore | the second term is-iHthbar,
the third tarm isone half of the oparator product (-iHEhbar) (-iHEhbar), and soon.

Forexample,

mifti-{iHt) ./ {hbar)a = mfti-(i ./ hbarjia Ha

where

Ha= HH.

This means apply H. then apply H again. Similarly, HB=HHH. In finite dimensions this is just ordinary matrix multiplication. The factorials 21,31 Idots are the same factorials thatappear in the scalar Taylor series

One small but useful consiste ncy check isdimensional The exponential function must take a dimensionlessargument The Hamiltonian has units of energy, while t has unitsof time, The product Ht has unitsof energy times

time, the same unitsas hbar. Thus

(Ht)/{htar)

isdimensionless This isone reason the combination HYhbarappears naturally in Schriadinger time evolution.
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How the Series Solves Schradinger’s Equation

The parentdocument ide ntifies

Uitl=e@-iHt'hbara

as the time-evolution operator for a closad systam with a time-inde pendent Hamiltonian. The highlighted passage gives the internal meaning of that compact exponential notation. Tosee why thisseries is the rightone, begin
with the time-de pendent Schriadinger equation,

ihbar(dl) /(i [a{tiE=H|aitn

Ifthe state is written as

|mitim=Litaio)m

then Uit) its=1f must satishy

thbardUit)/(dti=HUTH, U(0)=1.

The initial condition U{0)=1says thatat time zero noevolution hasyetoccurred.

Mow insart the series

Utti=I-(iHtl/ihbar) +(1)/(20aft-(iHY /(hbarn)a+s

Att=0, every term containing tvanishes leaving U(0)=1. Differentiating term by term gives

(dUH)/(dt) =-(iH)/(hbar) B -(IHY/(hbar) +(1)/208ft-(iHY/ (hbana+s

which is

(dU () (dt) = -(iH)/thbari Uit

Multiplying both sides by ihbar gives

thbar(dU it/ (dti=HU{tl.

Sothe powerseries is not merely a formal decoration. Under the usual finite-dime nsional assumptions itdirectly solves the evolution equation [Sakurai and Napolitano 2017,

‘What the Powersof H Do Physically

The seriescan look abstract untilone examinesan energy eigenstate. Suppess |EA isan eigenstate of the Hamiltonian:

H|Ea=E|en

where Eisthe corresponding energy eigenvalue. Applying the sries tothisstate gives
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ef-iHYhbarm|Ea = Bft[ 1-(iHY /(hbar) +(1)/(208f(-(IHY/(hbar)a+s ]| Ea

Each power of Hactssimply:

He|En=E8|ER HelEn=EajEn

and soforth. Therefore the operator series becomes

aftl 1-(Et(hbar) +(1)/(20aft(-(Et /(hbar)a +(1)/30afti-(E / hbar)ia+s ]| B

The bracket is now an ordinary scalar exponential:

et hbara|Ea
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Thisisthe bridge between the operator formula and the phass factor emphasized in the parentdocument The parentdocumentdirectly supports the interpretation that definite-e nergy components acquire phases of the

form e-iEthbari The highlighted passage explains how that result follows from the ope rator exponential when expanded tarm by term.

For a superpesition of energy eige nstates

|m(0)a=mm ca|Em

linearity gives

|tt)E = B ol i ERt/h ba | B

Each energy component receives itsown phase. Observable interference de pends on relative phasessuch as

el E-EEt/h bard

not usually on a single global phase common to the whole state.

ACQubit Example Hidden in the Series

Fora tworlevel system, the Hamiltonian isoften expressad using Pauli matrices Consider

H=(hbarg)/(2)mzg

where

MizB= beginpmatrix 10; 0 -1 endpmatrix

Then

Uiti=e@-in mza/2n
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The sries becomes

I-(iEt)/(2)mmza +( 1)/ (20aft-(m )/ 2) ez +(1)/(30afti-(a ) /(2) ez m- s

Becauss

MzEE=|, BHzE=MzE

the even powerscontribute multiplesof |, while the odd powers contribute multiples of @z8 Grouping even and odd terms yields

SEHE A 20 = cosifti (@ 1./(2))1 - isinaft (@ /(2 mza

Thisisa standard single-qubit rotation form [Mielsen and Chuang 2010]. Italsoshows why the exponential of an operator can often be simplified when the operator hasa special algebraic property. Here the simple identity

mzm=| makes the infinite series collapss into familiar sine and cosine functions

Convergence and the Boundary of the Formula

For finite-dimensional matricas the power saries for the exponential converges for every matrixand every finite value of t [Higham 2008]. This means the highlighted expansion is mathematically safe in the usual qubitand
finite-dimensional quantum-com putation s=tting.

The situation requires more care for infinite-dimensional Hilbert spaces Many physically important Hamiltonians such as the free-particle Hamiltonian or harmonic cscillator Hamiltonian, are unbounded operators Forsuch
operators the power series expression may not be meaningfulon every vector in the Hilbertspaca. In rigorous quantum mechanics eB-iHYhbard is then usually defined through the spectral theorem for self-adjoint operators,
notsimply by applying the power s2ries toall states. Stone’s theorem gives the dee per relationship: strongly continuous one-parameter unitary groups are generated by salf-adjoint operators [Stone 1932 Reed and Simon
1980]. The highlighted series remainsan excellentguide in finite dimensionsand for many formal calculations, but its domain of validity should not be assumed withoutchecking the operator setting.

There izalsoan important physical assumption behind the compact expression: H is time-inde pendent If the Hamiltonian depends on time, the evolution is not generally

e/ (hbara Hit) dig

unless Hamiltoniansatdifferent timescommute. In the general time-dependent cass, the correct object involves time ordering. often written as

Uiti=mathcal Texpfti-(i)/1h barimm Hit) dt).

That isa related but more delicate expansion, usually developed as the Dyson saries [Sakuraiand Mapolitano 2017).

The highlighted passage is therefore best read as the finite-dimensional or suitably well-be haved power-series definition of the time-svolution operator for a time-independent Hamiltonian. [tsupports the parentdocuments
maovement from energy to phass, but itdoes not by itsslf verifya particular physical model Toverifyan application, one should check that the Hamiltonian is the correct self-adjoint generator, that itis effectively

time-inde pendentor treated with time ordering when necessary, that the basis states used are truly energy eige nstates or are othe rwise evolved correctly, and that the operator exponential is being interpreted ina
mathematically valid domain.
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